A mathematical model for a slip-buckling problem has been proposed and its exact solution has been found for the analysis of materially inelastic two-layer composite columns with non-linear interface compliance. The mathematical model has been carried out to evaluate exact critical buckling loads. It has been demonstrated mathematically exactly, that exact critical buckling loads are influenced by the initial stiffness, and hence on linear portion of the interface force-slip relationship. Besides, it has been shown that material inelasticity can reduce the critical buckling loads significantly and that the interlayer stiffness has an important effect on the transition between the elastic and inelastic buckling.
Introduction
Layered columns consisting of different or like materials are frequently encountered in a wide range of applications. Due to their high strength-to weight and stiffness-to-weight ratios, slender composite columns are widely used in in aerospace engineering, structural engineering, shipbuilding, and in other branches of industry. In the field of structural engineering typical examples of aforementioned layered structures are steel-concrete and timber-concrete composite columns, layered timber columns, sandwich columns, concrete columns externally reinforced with laminates, and many more. The behaviour of these structures largely depends on the type of the connection between the layers and the quality of the used materials.
Since absolutely stiff connection between the layers cannot be achieved in practice, an inter-layer slip between these layers develops, which significantly can affect the mechanical behaviour of layered structure. Accordingly, the inter-layer slip has to be taken into consideration in what is called partial interaction analysis of composite structures. Consequently, many published papers that take into account the inter-layer slip analytically or numerically are available in the literature. No attempt is made to discuss it here but the interested reader is referred to the, e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
The strength of straight layered columns depends to a great extent on their stability and cohesion between the layers. It is therefore of practical importance to derive exact solutions for such problems. To date only a few exact slip-buckling models of composite columns have been developed; see, for example, [15] [16] [17] [18] [19] [20] .
In all these previous exact investigations, linear stress-strain relations of the material and linear interfacial constitutive laws between the layers have been assumed. Actually, in reality a highly non-linear material and force-slip law of the interface can be obtained. Notwithstanding, to the best of the authors' knowledge, there exist relatively few exact solutions where linear material an idealized bilinear force-slip law of the interface has been assumed, see, for example [21] , but no exact investigation of slip-buckling problem where general inealstic material and non-linear interfacial constitutive law would be employed.
Therefore, the main objective of this paper is to develop a mathematical model for a slip-buckling analysis of geometrically perfect materially inelastic twolayer composite columns with non-linear interfacial compliance between the layers. In many cases, the compliant layer between the layers has been considered to be a very thin interphase layer with vanishing thickness; referred to in the literature as an interface. The interface arises from the damage in composites, e.g. debonding, sliding and cracking across the interface. In this paper, a non-linear tangentially compliant interface layer with non-zero thickness d is assumed to occupy the area between the layers. The thickness of the interface layer depends on the mechanical properties of the composite, and must be determined experimentally. The mechanical behaviour of the interface is described by the general nonuniform, non-linear interface constitutive law.
Exact critical buckling loads of geometrically perfect materially inelastic twolayer composite columns with non-linear compliant interfaces are derived using the linearized stability theory [22] . Therefore, the exact critical buckling forces are determined from the solution of a linear eigenvalue problem, i.e., det K t = 0 (see, [25] ).
In the numerical examples, the proposed exact formulation of the inelastic slipbuckling problem is used to investigate the influence of a non-linear interface compliance and material inelasticity on buckling forces of geometrically perfect two-layer composite columns with interlayer slip between the layers.
2 Formulation of an inelastic slip-buckling problem
Assumptions
An exact inelastic slip-buckling formulation of the planar two-layer composite column with compliant interface between the layers used in this paper is based upon the following basic assumptions: (1) the individual layer of the composite column is geometrically perfect and straight; (2) the axial load is loaded eccentrically at a distance e from the reference axis of the two-layer composite column in such a way that a homogeneous stress-strain state at primary configurations is obtained; (3) the material of layers is inelastic; (4) displacements, strains and rotations are finite (each of the layers satisfies the assumptions of geometrically exact Reissner beam theory); (5) the effect of shear deformation is not taken into account; (6) the "Bernoulli hypothesis" of linear distribution of strains over each layer is assumed; (7) the layers are continuously connected through the compliant interface which obey a general nonuniform, non-linear constitutive force-slip law; (8) shapes of the cross-sections are symmetric with respect to the plane of deformation and remain unchanged in the form and size during deformation; (9) an interlayer slip can occur at the interface between the layers, but no transverse separation (uplift) between them is possible.
Governing equations
We consider an initially straight, planar, two-layer composite column of undeformed length L with. Layers as shown in Fig. 1 are marked by letters a and b. A compliant interface layer with its thickness d takes a position between the layers a and b. The column is placed in the (X, Z) plane of spatial Cartesian coordinate system with coordinates (X, Y, Z) and unit base vectors E X , E Y , and E Z = E X × E Y . The undeformed reference axis of the layered column is parametrized by the undeformed arc-length x. Local coordinate system (x, y, z) is assumed to coincide initially with spatial coordinates, and then it follows the deformation of the column. The geometrically perfect composite column is subjected to a conservative compressive axial force P centrally located at both ends in such way that homogeneous strain and stress state at primary configuration of the column is achieved. For further details an interested reader is referred to e.g., [13, 16, 19] . 
Kinematic equations
The deformed configurations of the reference axes of layers a and b are defined by vector-valued functions (see Fig. 1 )
where superscript i = a, b denotes that quantities are related to layer a and b, respectively. Functions u i and w i denote the components of the displacement vector of layer i at the reference axis with respect to the base vectors E X and E Z . The geometrical components u i and w i of the the vector-valued functions
0 are related to the deformation variables with the equations derived by [26] :
Here, the prime (•) denotes the derivative with respect to x. In (2), the deformation variables ε i are the extensional strains of the reference axes of layers a and b; κ i are the pseudocurvatures [27] ; whereas ϕ i are the rotations of layers' reference axes.
Equilibrium equations
The composite column is subjected to a force P at both ends. Furthermore, each layer of the two-layer composite column is subjected to interlayer contact tractions measured per unit of layer's undeformed length. In order to write constitutive equations in usually used coordinate system, it is suitable to express the (X, Z) components of the interlayer contact tractions with the tangential and normal components of the interlayer tractions p Figure 2 . Interlayer contact tractions and generalized equilibrium internal forces and moments with respect to the fixed global and rotated local coordinate system.
Using (3)
, the equilibrium equations of each layer are, see e.g. [16, 19, 26] :
axial and shear internal forces of the layers' cross-sections with respect to the rotated local coordinate system. Functions M i are the equilibrium bending moments.
Constitutive equations
To relate the equilibrium internal forces N i and Q i , and equilibrium internal moments M i to a material model, the following set of equations which assure the balance of equilibrium and constitutive cross-sectional forces and bending moments of the composite column have been introduced. Due to the assumption that the transverse shear deformations are neglected, the constitutive equations of a two-layer composite column are
The constitutive functions N 
where σ i C are the true extensional stresses of layers a and b; D i are the mechanical extensional strains in longitudinal direction in layers a and b; and F i are experimentally determined non-linear functions that describe a broad class of materials. Moreover, the contact constitutive law must also be introduced.
In general, a non-linear constitutive law of bond slip between the layers is present. Therefore, in the present analysis, a general nonuniform, non-linear constitutive force-slip law of the interface between the layers is employed:
where H is a non-linear function dependent on the type of the connection.
Constraining equations
Once the layers are connected, the upper layer b is constrained to follow the deformation of the lower layer a and vice versa. As already stated, the layers can slip along each other but their transverse separation (uplift) or penetration is not allowed. This fact is expressed by a kinematic-constraint requirement
where x and x * are coordinates of two distinct particlesT b andQ of layers b and a in the undeformed configuration which are, in the deformed configuration, related to each other by a vector-valued function r d (x Fig. 1 ). Eq. (9) can be written equivalently in componential form as
By differentiating first equation of (10), adding the results with (2), the following direct relation between the differentials of material coordinates x and
Using (11), and taking into account the fact that the rotations of layers are identical (see, [16] )
it can be shown that the pseudocurvatures of layers a and b are constrained to each other by
The slip that occurs between the two particles of layers a and b which are in the contact through the interphase layer in the undeformed configuration is denoted by ∆ and defined as
In addition to the above presented constraining equations, from the third Newton's law, an equilibrium of the interlayer contact tractions of the particles in contact is expressed in the vector-valued function form as
and, by substituting (3) to (15), in componential form as
Consequently, a complete set of non-linear governing equations of a two-layer composite column, Eqs. (2), (4)- (6), (8), (10), (14) , and (16) consists of 28 equations for 28 unknown functions:
n , ∆, and, x * .
Linearized equations
In order to investigate the stability of non-linear boundary value problems the approximation methods should be used. In this paper, a linearized theory of stability is used. This theory is based on the fact that the bifurcation points of the non-linear system coincide with the critical points of its equivalent linearized system [22] . The application of the linearized stability theory, regarding the existence and uniqueness of the solution of Reissner's elastica, is presented by Flajs et al. [23] .
The above-mentioned linearized theory of stability is based upon the variation of a functional F , which will here be made in the sense of the continuous linear
Gateaux operator or directional derivative, defined as follows [24] δF (x, δx) = lim
where the x and δx represent the generalized displacement field and its increment, respectively, and α is an arbitrary small scalar parameter. δF (x, δx) is also called linearization or linear approximation of δF at x. Accordingly, it is convenient for Eqs. (2), (4)- (6), (8), (10), (14), and (16) to be re-written in compact form as F = {F 1 , F 1 , . . . , F 28 } T , and their arguments as x =
After the linearization of the governing Eqs. (2), (4)- (6), (8), (10), (14), and (16) has been completed, the linearized equations of the two-layer composite column buckling problem have to be evaluated at the primary configuration of the column. The primary configuration of the column is here defined as the configuration in which the composite column, which is subjected to the point force P , remains straight:
Finally, the linearized system of equilibrium Eqs. (2), (4)- (6), (8), (10), (14), and (16) when written at the primary configuration (18) of the composite column is easily derived in the following form:
where
and
in which the quantities C 
where s and "L" of s identifies its value at x = 0 and x = L, respectively.
Due to the fact that boundary conditions in the longitudinal and transverse direction are interrelated (see, [19] ), the general solution of the system of linear algebraic-differential equations (19) is determined by nine integration constants C 1 , C 2 , C 3 , C 4 , C 5 , C 6 , C 7 , C 8 , and C 9 . These unknown integration constants are determined from the boundary conditions (22) and their combinations [19] .
As a results, a system of nine homogeneous linear algebraic equations for nine unknown integration constants is obtained
where K t and c denote a tangent matrix of the current equilibrium state on the fundamental path and a vector of unknown constants, respectively. For a non-trivial solution of (23), the determinant of the system matrix should vanish, see e.g. [25] det
The condition (24) represents a linear eigenvalue problem and its solution, i.e.
the lowest eigenvalue, corresponds to the smallest critical buckling load, P cr , of the column. The condition (24) along with the boundary condition constitute a system of two non-linear algebraic equations
for the two unknowns, i.e. the critical axial load, P cr , and the critical axial strain, ε cr . The system (25) is solved numerically using the Newton-Raphson iterative method.
Comprehensive practical examples and discussion

Effect of non-linear interface compliance on critical buckling loads
The analytical results, for critical buckling loads of geometrically perfect twolayer composite columns with interlayer slip, obtained herein with exact linear eigenvalue problem will be employed to analyze the non-linear interface compliance on critical buckling loads. With the intention of analyzing the above-mentioned effect, an inelastic two-layer composite column is employed.
Geometrical and mechanical properties of the two-layer composite column are presented in Fig. 3 . clamped-pinned column (C-P) and pinned-pinned column (P-P). In accordance to the boundary conditions (22) Table 1 .
The critical buckling loads have been calculated for different types of boundary conditions, different values of an interlayer stiffness, K, and various thicknesses Table 1 Classical two-layer column boundary conditions and effective length coefficients β E of solid Euler columns.
Classical cases C-F C-C C-P P-P
Effective length In Fig. 4 , a critical buckling load of C-F two-layer composite column, P cr , normalized with respect to the critical buckling force of the corresponding solid Euler column, P E , is shown for various inter-layer slip moduli, K and, different thicknesses of an interfacial layer, d. Namely,P cr = P cr (d = 0)
It is clear from of geometrically perfect two-layer composite column, P cr , converges perfectly to the buckling load of the corresponding Euler solid column, P E , only for
Furthermore, in Fig. 5 , the same plot for C-P two-layer composite column is shown. Note that for the limiting case, the very resembling results to the results for C-F two-layer composite column have been obtained. When treating various structural stability problems it is often useful to express the buckling load, P cr , in the form of the Euler formula with a suitable modification of the column length. Thus, the critical load of a layered geometrically perfect composite column with an interlayer slip may be expressed in terms of the classical Euler formula for a solid column as
in which (EJ) s is the flexural rigidity of the corresponding solid column and β cr denotes the critical effective length parameter of the geometrically perfect two-layer composite column which depends entirely on the particular buckling mode, inter-layer contact stiffness, K, and layer's thickness, d and, should not be confused with the effective length coefficient, β E , that gives the distance between the points of inflection in a solid column. The effective length coefficient, β cr , is obtained by a comparison of the critical force, P cr , calculated with the presented exact model and the Euler critical force, P E , for a corresponding solid column
The critical effective length coefficient, β cr , against the layer's thickness, d, is shown in Figs. 6 and 7 for different Ks and two kinds of end conditions, such as C-F and C-P two-layer composite columns. From Fig. 6 it can be seen 
Effect of material inelasticity on critical buckling loads
In order to simulate and investigate the inelastic buckling behavior of a P-P two-layer composite column, the critical buckling loads have been calculated for geometric and material data given in Fig. 8 . These loads are further normalized by the ultimate axial load-carrying capacity, P ult , and plotted as a function of column slenderness, λ, in Fig. 9 . Here the column slenderness, λ,
column lengths. Note that the difference between the elastic and inelastic buckling loads decreases significantly as the column becomes more slender. Correspondingly, at the specified column slenderness ratio λ failure mode of the two-layer column is buckling and not the crushing of the material. It is also seen that the effects of material inelasticity decreases with increasing the column slenderness and becomes much less pronounced for slender columns, as shown in Fig. 9 .
In addition, the normalized critical buckling loads of the corresponding solid column are calculated and shown in Fig. 9 . It is seen that the interlayer stiffness, K, has a significant influence on critical buckling loads and the type of (1) It has been mathematically exactly derived that the critical buckling loads are influenced by the initial stiffness only, and hence on linear portion of the interface force-slip relation, but not on its general form.
(2) The results have confirmed that the reduced stiffness between the layers can promote buckling which can lead to a drastic reduction of the bifurcation loads.
(3) The influence of interlayer thickness on the exact critical buckling forces is boundary conditions dependent.
(4) The material inelasticity can have an inportant influence on critical buckling loads and thus especially in case of short columns should not be neglected.
(5) The interlayer stiffness has a significant effect on the transition between the elastic and inelastic buckling. The transition slenderness of a solid column is always higher than for a composite column.
(6) The timber composite columns fail predominantly by buckling and not by crushing of the material.
